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- series results
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22452-970 Rio de Janeiro RJ, Brazil
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Abstract. Using a graph counting technique suitable for self-similar fractals we obtain the
exact densities of partially (PpsAW) and fully (FD5AW) directed self-avoiding walks on Sierpinski
carpets. From them we calculate the root-mean-square transverse and longitudinal drsp]acements
of the n-step walks up to » = 20 for posaws and up to » = 23 for FDSAWS.

The critical exponents vy found for the PDSAW depend on the fractal dimension as well as on
the Tacunarity of the lattice. The results indicate that PDSAWs and FDSAWS have different critical
behaviour on the same carpet.

1. Introduction

It has been realized that the introduction of a global bias in geometrical models such as
percolation or self-avoiding walks (8AWs) leads to novel anisotropic critical behaviour (see
[1] and references therein).

Here, we study the directed SAW models (DSAWS) which are self-avoiding walk models
restricted not to step in several particular directions.

The introduction of a preferred direction gives rise to two independent correlation
lengths, paraliel and perpendicular to the preferred direction. They are given respectively
by the root-mean-square longitudinal displacement (R} )/ and by the root-mean-square
perpendicular displacement (R%,)!/? of the walk. They vary with the humber of steps n as

(RY Y2 ~ g (1a)
(RE )2~ o1, B (15)

Figure 1 shows two types 'of DSAWs on a square laftice. The partially directed SAW
model (PDSAW) is a three-choice model for which the steps upward, downward or to the
right are allowed. The fully directed SAW (FDSAW) is a two-choice model for which only
steps upward and to the right are allowed. The corresponding longitudinal and perpendicular
directions are also shown in figure 1.

Nadal et a! [2] have pointed out that any fully directed SAW can be decomposed into
a forward walk along the preferred direction and a random walk perpendicular to this
direction. Later, Redner and Majid [3], Szpilka [4] and Bléte and Hilhorst [5], using
several techniques, obtained the exact results y = 1, yy =1 and v, = % for DSAWS on
Euclidean lattices. Their results are valid for general dimensions E > 2, regardless of the
detailed restrictions of the steps and include the PDSAW and FDSAW models defined above
for the square lattice.
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Fignre 1. llustration of (a) PDSAW, (b) FDSAW on the
square lattice. Also shown are the longitudinal {(R))
and transverse (R:) displacement of each walk,
The amrows indicate the allowed directions of the
(a) (b) steps.

In fact, from a field-theoretic approach, Cardy [6] has shown that directed SAWs are in
the same universality class as directed random walks, and therefore should exhibit mean-
field exponents ¥ = 1, vy =1 and v, = 1 in all dimensions.

The results of Zhang et al (7] from an exact enumeration up to n = 10 of five-choice
partially directed self-avoiding walks on the cubic lattice also support that various partially
directed saws belong to the same universality class as fully directed $AWs and that the
asymptotic behaviour is dimension independent for E > 2.

The guestion of universality classes of DSAws on fractals then naturally arises. Some
non-trivial versions of directed walks were proposed which are exact soluble on the
Sierpinski gasket type of fractals, as for instance the piecewise directed random walks,
for which the allowed directions depend on the site they visit {8, 9]. For these walks, it was
obtained that the critical exponent v associated with the mean squared end-to-end distance
of n-step walks ({RZ) ~ n?) is model dependent for each gasket.

Recently, DSAWs were studied on a family of infinitely ramified fractals, the Sierpinski
carpets [10], but still there is some controversy about their critical behaviour. Yao and
Zhang [11] and Yao et al [12] analysed PDSAWs and FDSAWSs respectively on some carpets
at finite stages of their constructions through Monte Carlo simulations. They obtained
0.5 < vy < 1.0 and the dimension independent value vy = 1. Their estimates support the
hypothesis that PDSAWs and FDSAWs have the same asymptotic behaviour on each carpet.
On the other hand, Kim er af [13] argued that v, = 1 for all carpets based on analytic
arguments and simulations.

In this work, we study PDSAWs and FDSAWs on the Sierpinski carpets through series
expansion techniques [14]. We apply a graph counting method that gives the density of
connected graphs (number of embeddings per number of sites) in the limit of the infinite
fractal lattice.

The paper is organized as follows. In section 2 we show the graph counting method. In
section 3 we present the series analysis method used here and the results. In section 4 we
give arguments based on the geometrical properties of the carpets to analyse our estimates
and compare them with previous results in the literature.

2. Series expansions for Sterpinski carpets

The Sierpinski carpets are constructed by the recursive iteration of a generator (in figure 2
we show the generators of carpets numbered as | to 6 respectively). These generators are
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Flgure2 Generators of Slerpmskl carpets (a) b =35, m—l (b} and (c) F =6, m = 4; (d) and
b= m=9%Db=3m=1,

formed by an initial square divided in % subsquares from which m are eliminated according
to a fixed rule. This procedure is repeated indefinitely for the remaining squares to construct
the fractal lattice, whose sites are located at the corners of the non-eliminated squares. The
fractal dimension of the lattice is [10]:

In(®* —m)
Ind

A graph counting method {14} is used to find the number of embeddings of a graph in
any stage of the construction of the carpet. This technique has already been apphcd to the
5Aw, to the Ising model and to ideal chains on these lattices [15-17].

In figure 3 we show two possible embeddings of a graph (a PDSAW with three steps) in
the second stage of carpet 2. Due to the self-similar constructing process, the lattice at the
(£ + 1)th stage is obtained by the reproduction of £th stage structure in the non-eliminated
squares of the generator. As a consequence, the number of embeddings G{£) of a graph in
any stage £ can be cbtained from the number of embeddings G(£p) of the graph in a small
stage £5 as well as from the number of embeddings that cross two, three or four adjacent
stages £y (the stage £o is the minimal stage in which the graph can be embedded). Ii was
shown that [14]:

Dp = @

G() = AP? —mY + Bb* +C - - 3y

where A, B and C are rational constants.
The number of sites N (£) belonging to the carpet at the £th stage of construction also

behaves as (3), with constants A', B and C” [14];

N@) =AW —mi +Bb+C". )
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Figure 3. A particular pD5Aw with three steps (a) and
two possible embeddings on carpet 6 at the second stage
) of construction (b).

The density of the graph in the fractal is then:

Gf) A

AN = A (3)

pP=

After the enumeration of PDSAWs and FDSAWs in the square lattice, the density of each
wialk can be caleulated according to (3), (4) and (5). From these densities we obtained
(R},) nd {RHZ,,) for n-step PDSAWSs on carpets 1-6 up to order z = 20 and (R? ) for n-step
FDSAWS on the same carpets up to order n = 23. The lengths are measured as in the square
lattice (see figure 1). The results are shown in tables 1-3 respectively.

3. Series analysis and results

In order to find v, one should consider the (R2,) generating function

oo

Ri(x) = (R})x" )

n=]

which behaves as (x, —x)~@1+1) near the biased critical point x, = 1, in analogy with the
mean squared end-to-end distance ((Rf;)) generating function for saws [18].

First, we consider the most used methods for series analysis, the Padé approximants and
its generalizations [18, 19]. These methods however are not suitable for PDSAW and FDSAW
series. In fact, series (6) for PDSAWS and FDSAWs on the square lattice are rational fractions
[3] and after a certain order the approximants become indeterminate [20]. On carpets,
many approximants are defective (specially for FDSAWS), suggcstmg that the method is not
appropriate as well.

Another series analysis technique is the ratio method. According to this method, the
critical point and the critical exponent of the generating function are obtained from the ratio
between two consecutive series coefficients. From (1b) and (6) it is expected that

= BL)
" (Rin-l }

Plotting &/, versus 1/n one obtains estimates of vy from the slope of the plot. More
precisely, we calculate

1
~ 1+ 2v~ {n — 00). )]

Vip = 50— 1) @®
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o Y oz Figure 4. Plot of v}, versus 1.0/n for a pDsaw on
1.0/a carpet 5.

so that v}, — v when n — cc. However, the ratio method is also not suitable for PDSAWS
and FDSAWs on some carpets due to oscillations in v} ,. As an illustration, in figure 4 we
plot v/, versus 1/n for the PDSAW on carpet 5. From this plot, although v/ oscillates
around 0.5. we cannot get accurate estimates.

Then we propose the root method, based on the root test used to calculate the radius
of convergence of series. According to the root test, one should analyse lim,_ ., a,l,/ " to
obtain the convergence properties of the series 3, .. For series (6) we consider

= (RT V. )

Introducing amplitude A'/? in (1b), one has

1L, A Al/np2ouln (1 - co) (10a)
or
| InA :
o 1420, o8 22 (108)
n n

The third term on the right-hand side of equation (105) does not contribute appreciably
if Inn >» |InA|. This condition holds for PDSAWs in the square lattice {A = 1) when
# 2 10. Then:

I
ton ™ 1+ 20, (100)

From (10c¢) we calculate for each order » the corresponding estimate of v :

in
= o (g — ). 11
Vin 2nm (lu’ ) ( )
The final estimates of v, are obtained by a procedure similar to the construction of
Neville tables [18]: we consider v,,, as a function of Inn/n and find the intercepts at the

Ina/n = 0 axis {(n — oc) of straight lines passing through two successive points of the
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Table 4. Final estimates of vy for PDSAWS on carpets 1-6.

Carpet

vi

1
2
3
4
3
6

0.55 £ 0.01
0.53=0.02
0.55 =0.62
0.46 = 0.04
0.54 £0.04
0.55 £ 0.05

06 T
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o1
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Figure 6. Plot of vy, versus Inn/n for FDsaws (2) on carpet I and (5) on carpet 2.

plot. From the convergence of these intercepts we obtain the final estimates. The plots of
vy, versus Inn/n for PDSAWS on carpets 1-6 are well behaved, as shown in figure 5. In
table 4 we show the final estimates of vy for PDSAWS on carpets 1-6.

In figure 6 we plot vy, versus Inn/n for FDSAWS on carpets 1 and 2. The final estimates
v; = 0.50+£0.01 and v = 0.51£0.02 for carpets 1 and 2 respectively were obtained using
the same procedure described above. For carpets 3-6, the plots of v, do not show clear
convergence properties but the visual inspection of the plots indicates that 0.4 < v, < 0.6,

The slow convergence of series (6) for the FDSAW as compared to the PDSAW can be
explained from the relation between their preferred directions and the symmetry axis of
the carpets: the longitudinal and perpendicular directions agrees with the direction of the
borders of the lacunas in the case of the PDSAW, but not in the case of the FDSAW. Besides,
as the FDSAW on the square lattice behaves as {R2 } = n/2, the amplitude A for the same
model on carpets might contribute to (105).

In order to find v in (1&), we consider the (R} ) generating function

O

Ry(x) = Y (RL)x" (12)

n=1

which behaves as (x, — x)~@1*1} near the biased critical point x; = 1. We also analyse
{12) through the root method. Analogously to {(11) we calculate the estimate of v for each
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order n from:

Vi = = ((R",,)”" -1. (13)
The final estimates of vy are obtained using the same procedure described to get v;. In
figure 7 we plot vy, versus Inn/n for PDSAWs on carpets 1-6. The final estimates of v are

shown in table 5. For FDSAWs all steps contribute to the longltudmal displacement along
the forward sense. Then, (R},)!/2 ~ n leading to the trivial result vy = I.

Table 5. Final estimates of vy for PDSAWS on carpets 1-6.

Carpat vy

0.97+0.02
0.97 £0.03
097 £ 0.03
098 £0.03
0.96 £0.03
097002

[o TR I O .

4. Conclusions

The estimates of the critical exponents v, and v for the PPSAW and the FDSAW on carpet |
show that the two models belong to different universality classes, in contrast to the results
for Euclidean lattices. This means that the effect of the Jacunas on the growth of the walk
is different according to the relation between the special directions of the walk (longitudinal
and perpendicular) and the directions of the borders of the lacunas,

The lacunarity of the lattice {10] influences the value of v;. As observed for other
models of walks [15, 17], the fractal dimension alone does not define universality classes.
According to our results for the PDSAW on carpets 2 and 3 (the lacunarity of carpet 3 is
greater than that of carpet 2) and on carpets 4 and 5 (the lacunarity of carpet 5 is greater
than that of carpet 4), for carpets with the same Dy, v, is larger for lattices with higher
lacunarity.

Figure 8 illustrates the influence of the ]acunanty on v _ in the case of PDSAws. In
figure B(a) the lacuna stretches the walk along the perpendicular direction when it touches
the border. This effect is stronger when the lacuna is bigger (high lacunar fractal). On the
other hand, in figure &(b), the lacuna inhibits the growth of the walk along the perpendicular
direction. This effect is stronger when the number of lacunas within the lattice is larger
(low lacunar fractal).

From the results shown in table 5, the lacunas also inhibit the longitudinal growth of
PDSAWS ('U" < 1)

It is possible to compare the end-to-end distance exponents of DSaWs and SAWS on
carpets. For the isotropic SAW, as there is only one length scale, v, = vy = vgaw. From
the results reported here for v and v for DSAWs and the results for vgaw reported in [15]
for SAWs on carpets 1, 4, 5 and 6, v) < vsaw < V).

Our results also show that v, for the PDSAW is different from the exponent vgyw for the
random walk problem or v;. for the ideal chain problem on the same carpet. For fractals, it

_ 15 expected that vew and v < % 121] and here v: > é for most carpets.
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Figure 7. Flot of vy, versus Inn/n for ppsaws on carpets 1-6 ({a)—(f), respectively).
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A

@ ()

Figure 8. Illusteation of the influence of the lacunas on the transverse displacement of a PDsAW;
(a) the lacuna stretches the walk, (b) the lacuna compresses the walk. The arrows indicate the
allowed directions of the steps.

Our estimates can also be used to test results obtained by other techniques. For instance,
the proposal v, = 1 for FDSAWs of [13] is not tenable. Their arguments are based on a
particular ensemble of D$SAWs having starting site on the lower left corner of the carpet at a
finite-stage of construction. For these walks the probability of not encountering the largest
hole is exponentially small [13]). Then, they have overestimated the effect of the larger
lacuna in a finite stage of the carpet (this effect is shown in figuré 8(a}), overestimating v, .
The same occurs in the simulations reported in [13] in which walks that touch the borders
of carpets at the fourth-stage of construction were discarded. As a consequence of this
finite-size effect of the lattice, the remainder ensemble of DSAWs used to measure (Ri")
were restricted to be embedded in the lattice, enhancing the role of the largest lacuna. On
the other hand, our results capture exactly the effect of the distribution of lacunas of all
sizes through the infinite fractal lattice because we also include the contribution of walks
that cross neighbour reproductions of the £th stage carpet in the next stage, leading to the
true critical behaviour of DSAWS,

Qur estimates of v, for both models on carpet 1 differ from the results obtained by
Monte Carlo simulations on finite stages of that lattice [11, 12], probably duve to finite size
effects in the simulations. However, the trend v, > 0.5 obtained in these simulations is
also observed here for most lattices, specially for the high-lacunar ones. Also, our results
show that PDSAW and FDSAW models belong to different universality classes for each carpet,
in contrast to those results.

In conclusion, this work presents new results for the critical behaviour of DSAWs on
Sierpinski carpets, The attainment of accurate estimates of critical exponents from series
analysis open new perspectives for the quantitative study of universality classes of DSAWSs
on carpets and on other families of regular fractals.

Acknowledgment

We would like to thank F A da Costa Chalub for suggesting to us the use of the root method.



1270

F D A Aardio Reis and R Riera

References

11
{21
(3]
(4]
[5]
[6]
[7]
(8]
9]
{10]
{11]
[12]
[13]
[14)
[15]
{16]
{17
[18)

(19
(20]
21]

Kinzel W 1993 Percolution Structures and Processes ed G Deutscher, R Zallen and J Adler {Bristol: Hilger)
Nadal J P, Derrida B and Vannimenus J 1982 J. Physigue 43 1561
Redner S and Majid I 1983 J. Phys. A: Math. Gen. 16 L307
Szpilka A M 1983 J. Phys. A: Math. Gen. 16 2883 :
Bléte H W J and Hilkorst H J 1983 J. Phys. A: Math. Gen. 16 3687
Cardy J L 1983 J. Phys. A: Math. Gen. 16 L355

Zhang Z Q, Yang ¥ 5 and Yang Z R 1984 J. Phys. A: Math. Gen. 17 245
Elezovié-Hadzi¢ § and Milojevié § 1989 Phys. Lert. 138A 481

Elezovié-Hadzié 8, MiloSevié S, Capel H W and Post T 1991 Physica 1794 39
Mandelbrot B B 1982 The Fractal Geometry of Nature (San Francisco, CA: Freeman)
Yao K-L and Zhang G-C 1990 J. Phys. A: Math. Gen. 23 L1259

Yao K-L, Zhang G-C and Wang J-F 1991 Commun. Theor. Phys. (China) 16 355
Kim M H, Lee J, Park H and Kim I-M 1992 J. Phys. A: Math. Gen. 25 L453

Aardo Reis F D A and Riera R 1992 Phys. Rev. A 45 2628

Aario Reis F D A and Riera R 1993 J. Stat. Phys. 71 453

Aarfio Reis F I A and Riera R 1994 Phys. Rev. E at press

Aardo Reis F D A and Riera R 1994 Physica A at press

- Gaunt D § and Guttmann A J 1974 Phase Transitions and Critical Phenomena vol 3, ed CDomb and M §

Green (London: Academic)
Guttman A I 1987 J. Phys. A: Math. Gen. 20 1339
Rehe 1 1, Joyce G S and Guttmann A J 1980 J. Phys. Ar Math. Gen. 13 1587
Baker G A 1975 Essentials of Pudé Approximants (New York: Academic)
Havlin S and Ben-Avraham D 1987 Adv. Phys. 36 695



